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Gasification: Part 11. Extension to Diffusion Control 

Gasification model developed in Part I is extended to allow for mass 
transfer of oxidant to the particle and for intraparticle diffusion. For this 
extension, a moving boundary problem results which is solved numerically 
in conjunction with a two-point boundary value problem for the oxidant 
concentration profile in the particle. The extended model predicts, as ex- 
pected, that mass transfer stifles gasification and intraparticle diffusion shifts 
gasification to the outer surface of the particle. For the conditions and 
parameters used in Part I, particle Thiele moduli above 10 result in particle 
shrinkage with negligible change in the solid properties, whereas if this 
modulus is less than 0.1, gasification is kinetically controlled. 

SCOPE 
In this portion we extend the gas-solid reaction model 

developed in Part I of this paper to cases where intraparti- 
cle diffusion must be considered. Our objectives in this ex- 
tension are to further generalize the model, provide criteria 
which could be used to determine whether gasification is 
diffusionally or kinetically controlled, and finally to exam- 
ine how mass transfer influences the development of solid 
properties with gasification. 

Our model extension is applicable to systems where the 
physical properties of the solid undergoing gasification 
are important. An example is the partial gasification of 
chars to form activated carbon. 

I t  is generally recognized that mass transfer is important 
in gas-solid reactions and it is taken into account in the 
shrinking core and homogeneous reaction models referred 
to in Part I. The approach followed in +is paper to derive 
our model is similar to that used in the past as typified by 
Wen and co-workers (1963, 1968). Unlike Wen and others, 
a specific pore structure is considered. We assume a bi- 
dispersed pore size distribution in which the micropores 
account predominantly for surface area, porosity, and 
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pore volume. The macropores serve as conduits carrying 
the oxidant and removing the gaseous products of the 
reaction. Our other assumptions are taken from Part I, for 
example, no ash remains after gasification so pore co- 
alescence may occur and the particle size may change, 
micropores are uniform in length and cylindrical, and 
the gasification reaction is first-order in the oxidant. 

Although we allow for enlargement of both micropore 
and macropores, micropores cannot become macropores 
and new pore initiation is limited to micropores. 

Micropore shape is assumed not to change during gasi- 
fication. The micropore size, therefore, is described by a 
mean pore radius and its change is related to gasification 
by measuring gasification as the flux of oxidant through 
the micropore mouth. This follows an approach suggested 
by Thomas (1966). Intraparticle diffusion of oxidant is 
handled through Fick‘s law using a variable effective dif- 
fusivity. Both Walker et al. (1959) and Wen (1963) before 
us have allowed the diffusivity to change during the reac- 
tion. Mass transfer to the particle is introduced conven- 
tionally as a boundary condition for the equation describ- 
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ing intraparticle diffusion. The coefficient, however, is al- 
lowed to vary with particle size. The pseudo stationary 
state assumption permitting the concentration gradients 

for both micro and macropores. 

Greavy and Cresswell (1970) have shown that particles 
can be treated as isothermal for most exothermic catalytic 
reactions, even when heats of reaction are large. However, 
they found that heat transfer to the particle was important 

also finds heat transfer is important. However, heat trans- 
fer has not been allowed for in our treatment. 

to be given Ordinary equations is for fast, highly exothermic reactions. Hills (1967, 1968) 

An isothermal particle is assumed in our model. Mc- 

CONCLUSIONS AND SIGNIFICANCE 
The gasification model derived in this work in terms 

of local moments and the local apparent density of the 
solid is given in Tables 1 and 2. Moments are related to 
the properties as shown in Table 1 of Part I. Because of 
the concentration gradients, the moments and solid prop- 
erties vary radially. Integration, via Equation (31), must 
be used to express particle properties. Oxidant concentra- 
tion appears in all equations of the model so the gradient 
must be determined at each instant to evaluate the local 
properties. Thus, the model entails solving Equations (25) 
to (27) which describes the diffusion of oxidant through 
the particle. Mathematically seen, a two-point boundary 
value problem must be solved. Since the particle itself 
shrinks as gasification proceeds, [Equation (30)], a mov- 
ing boundary problem arises. The procedure of Murray 
and Landis (1959) was used to handle this complication. 

Using as a basis the partial gasification of devolatilized 
anthracite considered in Part I, the influence of mass trans- 
fer on gasification was examined. Magnitude of the mass 
transfer resistances may be expressed by the Thiele moduli 
for the macro and micropores and the Shenvood number, 
all defined in terms of conditions at the start of the gas- 
solid reaction. Of these parameters, the macropore Thiele 
modulus seems the most important. If the macropore 
Thiele modulus is less than 0.1, gasification is kinetically 
controlled, whereas if the modulus is greater than 10, 
particle properties change negligibly with gasification and 
shrinkage alone occurs. In the latter case, the well known 
shrinking core model will satisfactorily describe the reac- 

tion. Within the Thiele modulus range indicated, increas- 
ing the modulus retards the overall rate of gasification 
and reduces the increase of specific surface area, volume 
and total pore numbers with extent of gasification. Figures 
5 to 8 indicate quantitatively the influence of the modulus. 

Conditions which lead to large micropore Thiele moduli 
will also result in large macropore moduli. Examined sep- 
arately, large micropore m d u l i  retard gasification but in- 
crease the importance of new pore initiation. The effect, 
as shown in Figure 8, is to increase the development of 
specific surface area with burn-off. Above a Shenvood 
number of 10, mass transfer to the particle surface can be 
neglected. Decreasing the Shenvood number below this 
value retards gasification. 

These results are significant, in particular, for partial 
gasification of chars to make activated carbon. To achieve 
the largest increases of specific surface area, pore numbers, 
etc. with burn-off, gasification conditions should be chosen 
so that intraparticle diffusion of the oxidant is not im- 
portant. Therefore, low temperatures and small particles 
should be employed. The macropore Thiele modulus pro- 
vides a criteria for the choice of the proper conditions. 

Investigation of the effect of the change of effective 
diffusivity with gasification indicates the effective diffusiv- 
ity can be taken as a constant. Wen (1963) has reached 
the same conclusion. The small error this approximation 
introduces is greatly outweighed by the calculational sim- 
plification it provides. 

BASIC MODEL 

The population balance relation and its form in terms of 
moments, Equations (1) and (2)  in Part I, hold for chang- 
ing pore sizes regardless of the presence or absence of dif- 
fusional resistances. 

To retain the relation of solid properties to moments of 
the pore size distribution as expressed in Table 1 of Part I, 
however, we must make the additional assumption that 
pore shape does not change during the gas-solid reaction. 
This is an awkward assumption in view of our kinetic 
model and the existence of concentration gradients in the 
pores. However, it is an assumption that has been made 
before (Thomas, 1966). Nonuniform pore growth has been 
treated by Peterson (1957), but the complications its use 
introduces are probably not justified by the added level 
of detail it provides. 

Consideration of diffusion requires more information or 
assumptions about the solid structure than needed in Part 
I. Thus, in this paper, we deal with a bidispersed pore size 
distribution in which the micropore range contributes pre- 
dominantly to the solid properties, such as surface area, 
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porosity, etc. We further assume that micropores radiate 
from macropores and the latter pores act consequently as 
conduits bringing the gaseous reactant to the micropores 
where the bulk of the gas-solid reaction occurs. It is con- 
venient for this system to treat diffusion in micro and 
macropores differently. For this reason, we will assume 
that the pore size density distribution function f ( r )  refers 
only to micropores. Consequently, moments and thereby 
the properties related to the moments by Table 1 in Part I 
will refer to the micropores. As in Part I, the subscript i 
will be used to designate micropore properties or parame- 
ters. The subscript a will be used in our subsequent de- 
velopment for macropore properties or parameters. 

We can now turn to gasification and proceed to develop 
a model specifically for this system. 

ALLOWANCE FOR MICROPORE DIFFUSION 

The difficulty introduced by pore shape change during 
gasification can be avoided by assuming the pore size 
distribution function is in terms of a mean pore radius 7. 
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Following Thomas (1966), the rate of gasification may be 
equated to the oxidant mass flow at the micropore mouth. 
This leads to 

(1) 
7 MB 

d t  - 2a Pt 1 ( 4 I,=, d F  ---- D -  

Employing the kinetic assumption of Part I and the quasi 
steady state assumption that diffusion is rapid relative to 
the change of pore radius, the pore mouth gradient in 
Equation (1) may be found from the solution of 

d2c 2 kl a c 
dz2 T 

Dei---=O - 

with dc /dz  = 0 at z = t a n d  c = C at z = 0. This familiar 
equation may be readily solved. It is convenient, first of 
all, to normalize c, z,T, and Dei with C, the pore mouth 
concentration; TO,  the most probable radius for the distri- 
bution f (  7 )  at time zero; and De2, the effective micropore 
diffusivity for? = T ~ .  If we assume that Dei = 6 D K ,  where 
6 is assumed to be invariant in gasification, then Dei/De2 
= T " .  T" is the pore radius relative to T O .  The derivative 
in Equation (1) may be evaluated from the solution to 
Equation ( 2 )  giving 

(3) 
d T - kl MB C 
at Pt ho/r4 

tanh (ko/r')  -- 

where 

ho = 
ro 6 DKO 

is the micropore Thiele modulus. 
d? 

Substitution of Equation (3) in the n < 7 n - - l  dt > term 

of the moment equation, Equation (2)  in Part I, results in 
the expression 

We show elsewhere (Hashimoto and Silveston, 197313) 
that through the use of a mean value theorem g, may be 
approximated closely by 

en in Equation (5)  may be treated as a pseudo effective- 
ness factor. When n = 2, en becomes the effectiveness 
factor defined by Equation ( 7 ) .  

Concentration gradients in the micropores do not change 
the birth and death contribution obtained in Part I. Sub- 
stitution of these terms, derived in Part I, along with Equa- 
tion (5) ,  and expansion of the moment equation furnish 
the first three equations in Table 1. 

The expression for the rate of change of apparent density 
on an inert matter free basis, Equation (20) in Part I, is 
altered somewhat by the presence of concentration gradi- 
ents. The micropore contribution to the rate of gasification 
W B  may be expressed as 

Although the pore mouth concentration gradient can be 
expressed in terms of the micropore Thiele modulus as in 
Equation (3) ,  it is convenient to introduce a micropore 
effectiveness factor (Mingle and Smith, 1961). 
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Making use of Equation (6) and introducing moments, 

2 B i  = 2?r k l T C  e2Ml (8) 

The contribution of pore initiation to RB is unchanged 
from the term given in Part I as Equation (22), but since 
micro and macropores are treated separately a macropore 
contribution must be formulated. Assuming kinetics of 
gasification does not depend on pore size, 

RBa = kl PB c sa (9) 
where S ,  is the specific macropore surface area. 

Substituting for R B  leads to Equation (13) in Table 1. 
The set of equations permits calculation of solid properties 
at a point within a solid during gasification. From apparent 
density of the solid, local extent of gasincation and/or 
porosity may be obtained. Equations (24) and (26) in 
Part I give the appropriate relations 

TABLE 1. GASIFICATION MODEL IN TERMS OF LOCAL 
MOMENTS AND DENSITY 

. -  + @ (1 - a 2 )  MOM1 = 0 (11 )  

- @ 2 Mi2 = 0 ( 1 2 )  
aPB - + ( 2?r k l t e z  M i  + k i  P B  Sa 
at 

Making Equations (10) to (13) dimensionless by intro- 
ducing the moments of f (  T )  at t = 0, the relations in 
Table 1 of Part I, the initial values of the solid properties, 
and T = kl C ,  MB Siot, we obtain the equations in Table 2 
in terms of the coefficients b defined in Table 2 of Part I. 
However, bTO and bgo contain 4. rather than q5 and are 
constants. Allowance for diffusion appears through the 
presence of 4, the normalized oxidant concentration in the 
macropores, in most terms and el in Equation (15) and 
e2 in Equation (16). The u in Equation (17) is now de- 
fined as 

sao + 5- kf P t W  u=- 
Sio kl M B  S? 

TABLE 2. GASIFICATION MODEL IN TERMS OF DIMENSIONLESS 
VARIABLES AND PARAMETERS 
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ALLOWANCE FOR MACROPORE DIFFUSION AND 
MASS TRANSFER TO PARTICLE SURFACE 

Assumptions about macropore length, shape, and loca- 
tion of intersections may be avoided by introducing the 
effective diffusivity of the solid instead of considering a 
single pore as in the micropore case. Employing the quasi 
stationary state assumption shown to be justified in most 
situations by Bischoff (1963) and Wen (1963), a material 
balance on the oxidant in the solid (Aris, 1965; Petersen, 
1965), 

I .o 

0.8 

0.6 

I I 
/ 

where D, is the local effective diffusivity of the porous 
solid, 01 is the volume fraction of the inert, and R A  is the 
rate of oxidant consumption through gasification. For a 
gasification reaction u A ( g )  + B ( s )  + P where B is solid 
and A is oxidant, Ra = URB. 

The boundary conditions for Equation (18) are 

Equation (20) allows for mass transfer of oxidant through 
the boundary layer to the particle surface and reaction at 
the surface. The group (0s0 pB*)  is the reactive fraction 
of the external surface. Equation (18) describes a linear 
two-point boundary value problem with variable coeffi- 
cients. 

The effective diffusivity may vary with the extent of 
gasification. Since we have bypassed a macropore shape 
and intersection model, an empirical relation must be 
used to relate D, to solid properties. We follow Wen 
( 1963) who assumes effective diffusivity is proportional 
to the porosity taken to an exponent /3. A dimensionless 
effective diffusivity is then 

The initial volume fractions O0, o B 0  are calculated from the 
inert density PI, the weight fraction of inerts in the carbon 
01, the initial apparent density (including inert matter ) P O ,  

and the true density of the gasifiable solid Pt. The relations 
are 

BB0 = Po (1  - 0 1 )  ( 2 2 )  
Pt 

e o = l - P o ( ; + - - )  1 - 01 

Correlations for mass transfer to particles generally show 
the Shenvood number to be an exponential function of 
the particle Reynolds number. The mass transfer coeffi- 
cient, therefore, will depend on particle size so that 

k, = k,O t,-€ (24) 
where kg0 is the coefficient at Ro and E is an appropriate 
exponent. 

Introducing the expression for R A  and rendering Equa- 
tions (18) to (20) dimensionless using the bulk oxidant 
concentration C ,  and the initial properties of the solid 

0 0.2 0.4 0.6 0.8 I .o 
Dimensionless Radial Position, 

Fig. 1. Concentration profile o f  oxidant in  porous carbon particle 
a t  z = 0.02. 

with 

(27) 
where 8 is the relative radial position assuming a spherical 
particle, Nsho is the Sherwood number at t = 0 and h is 
a constant containing the ratio of gasification rate constant 
to mass transfer coefficient. The initial properties in Equa- 
tion ( 2 5 )  are gathered in a particle Thiele modulus 

If we neglect the change in effective diffusivity and the 
mass transfer coefficient with gasification, the D, and tS 
in the right-hand side of Equation (27) drop out. 

The influence of mass transfer on the overall reaction is 
usually represented by a particle effectiveness factor. For 
gasification, this factor may be defined as 

EtP = 
kia 8 ~ '  P B ~ *  C g  RS2 + W A ,  (1  - 01) R2 dR 

5 PBs* t~2 + s," ( e m  + a p B * ) ~ + a  

( 2 8 )  - - 
1; PBs' 5s' + $o's (P1 + CPB*)62d5 

and interpreted as the ratio of the gasification rate at any 
extent of gasification to the rate which would be found 
if concentration gradients were absent in the solid. Et, 
allows for gasification at the external surface of the parti- 
cle. However, the surface terms can be neglected unless 
the porosity is very low. In the later stages of gasification 
Et, will approach unity (see Figure 2 ) .  

The complex change in rate due to shrinkage, mass 
transfer, and changing surface area and porosity is also 
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Fig. 2. Particle effectiveness factors as functions of burn-off and 

diffusional resistance. 

of interest. This may be represented by a second type of 
effectiveness factor which is the ratio of the actual gasifica- 
tion rate at any time to the rate for the original particle 
at t = 0 neglecting mass transfer resistance 

kla 0s' psY* cs Rs2 + RA ( 1  - 0,) R2 d R  
EW = 

1 
3 

kla 0s' c g  no2 + - (1 - 01) RA: R03 

4 PBs* $s '$s2 + (e2 Pl + V P B  * f2$d'$ 
(29) - - 

5 + ( 1  + r ) / 3  
In contrast to Etp,  EOp may be greater than one but it de- 
creases rapidly in the last stages of gasification and eventu- 
ally falls to zero as the particle is totally consumed. 

The possibility of a mass transfer resistance at the parti- 
cle surface introduces a C,, the oxidant surface concentra- 
tion, in the particle shrinkage equation [Equation (27) in 
Part I]. Made dimensionless, the shrinkage equation be- 
comes 

Local variations of solid properties due to the oxidant 
concentration gradient in the particle makes integration 
necessary to obtain the mean properties. The mean mo- 
ments are given by 

The mean apparent density ps* may be obtained by re- 
placing pLn with p s * .  Relative porosity depends only on 
the apparent density [Equation (26) in Part I] so 

The burn-off X ,  defined by Equation (25) in Part I, be- 
comes 

Gasification of the particle interior neglecting shrinkage is 
given by 1 - FB*. Mean relative micropore properties hi, 
ri, ni, ye, may be found using the expressions in Table 1 of 
Part I by replacing pCLn and PB* by their means ii,, and ,6' 
and changing the subscript. Values relative to the mass of 
original solid may be obtained by multiplying the expres- 
sions by 1 - X .  

The gasification model modified for mass transfer con- 
sists of the equations in Table 2, Equations (25) and 
(30) ,  and the relations given in the last two paragraphs. 
The equations in Table 2 are nonlinear, coupled through 
+, PB* and pn, and Equation (25) is a two-point boundary 
value problem so that we must resort to fairly tedious 
numerical integration to evaluate the change in properties. 
The coupling of shrinkage and the oxidant concentration 
through Equations (27) and (30) introduce a moving 
boundary to complicate the numerical solution. 

x =  1 - E *  . 5 3  (33) 

- 
- -  

ALLOWANCE FOR THE MOVING BOUNDARY 

Bankoff (1964) catalogues a variety of methods, most 
of which involve a transformation which immobilizes the 
boundary. We have employed one of these due to Murray 
and Landis (1959). These authors propose a transforma- 
tion akin to that from an Eulerian to a Lagrangian coordi- 
nate system. If s is a scalar, such as po, and a function of 
both dimensionless time and radial position, the rate of 
change of s at an interior point i, allowing for both con- 
tributions will be 

Since G s / d r  [Equation (30)]  not 4dd-r  is available, a 
more convenient form of Equation (34) is 

Use of this transformation allows us to solve a system 
of ordinary differential equations. For example, let s = PO. 
Then, the (as/&) of Equation (35) may be replaced by 
Equation (14) ,  and d'$,/dr by Equation (30) to yield 

Similar equations may be obtained for PI ,  p2, and ps'. 
Equation (25) does not change, however. Equation (35) 
applies to the oxidant concentration. Since ( a $ / d t )  i = 0, 
it becomes 

(37) 

and may be used to predict the change in oxidant concen- 
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tration over each time step. The system of equations ob- 
tained by the transformation lend themselves well to con- 
ventional numerical methods. 

NUMERICAL SOLUTION 

Partial derivatives with respect to [, as shown in Equa- 
tions (36) or (37), were approximated by central differ- 
ences leading to N S  + 1 equations for each moment, for 
apparent density, for particle radius and for the oxidant 
concentration where N S  is the number of radial increments 
chosen. At the center of the particle, the ap,/a5 term van- 
ishes because of symmetry. At the particle surface the 
central difference approximation is not suitable and a three 
point Lagrangian difference may be used: 

This approximation is of the same order as the central dif- 
ference. The set of equations resulting from these approxi- 
mations are given in a detailed manuscript available from 
the authors. 

Integration of the set of {5(NS + 1) + l} equations in 
dimensionless time T was accomplished with a second-order 
Runge-Kutta-Gill procedure. At each time step in the in- 
tegration of the density and moment equations, the concen- 
tration distribution within the particle was determined. To 
accomplish this, a central difference approximation was 
used for Equation (25).  Boundary conditions, Equations 
(26) and (27),  were used to establish the approximations 
at i = 0 and i = s. Separate sets of equations were devel- 
oped assuming variable D, and then constant D,. Both sets 
of equations are given in the detailed manuscript referred 
to above. The sets of equations are linear in + and were 
solved through their matrix representation 

A * i p = B  (39) 
where ip is the vector of normalized concentration in the 
particle, B is a vector containing only one nonzero element 
(contributed by i = s), and A is a tridiagonal coefficient 
matrix of dimension N S  + 1. The Thomas method of direct 
elimination was used. A and B were evaluated using pa- 
rameters of the previous time step. 

Initially, an oxidant concentration gradient was assumed 
to exist in the particle. It was calculated from an analytical 
expression obtained from setting all the dimensionless vari- 
ables in Equations (25) to (27) except + to unity so they 
became 

where 

and 
A = H o d e z O  + u 

The micropore effectiveness factor ezo is independent of 
+O so Equation (40) is linear. Its solution is 

sinh (6 A) 
y [ sinhh 

$0 = (43) 

where y = 1 + A + l/Nsho (A cothn - 1) .  The two ef- 
fectiveness factors Et, and Eo, are equal and may be writ- 
ten as 

Etpo = Ew0 
3(ez0 + U) 1 1 36 

- - y A (1 + u) [tanhh-x] +(l+lr) [A 1 
36 

1 + -  
(1  + 

(44) 
For the usual case of S t  >> S,O, a satisfactory approxima- 
tion is 

Effectiveness factors Etp and E ,  other than at T = 0 
were evaluated from Equations (28) and (29) using 
Simpson's rule. This formula was also employed to evalu- 
ate j&, 7 * from the N S  + 1 local values. The mean rela- 
tive moments and apparent density were used in turn to 
calculate the particle properties and burn-off. 

Convergence of the computing scheme outlined above 
was studied for the ranges 10 < NS < 50 and 5 x lo-* 
< AT < 2 x and found to be sensitive to NS pri- 
marily. For Ho = 1 and ho = N S  = 10 was satis- 
factory, whereas for 5 < Ho < 10, ho = 5, at least N S  = 
20 must be used. To reduce programming the calculations 
for Part I were performed by setting Ho and ho to 
thereby neglecting the concentration gradients. It was 
found that for these values NS = 4 gave satisfactory con- 
vergence. In all calculations, AT = 2 x was used and 
reducing AT produced only slight improvement in the con- 
vergence. About 50 time steps were required for burn-off 
of the order of 95% when gradients were neglected. 

The program, written in WATFIV required about 2.8 
x 10-3 seconds per radial increment or 0.014 sec/time 
step at N S  = 4 on the University of Waterloo's IBM 360- 
75. 

CONSEQUENCE OF MASS 
TRANSFER LIMITATIONS 

The effects of mass transfer will be examined for the 
system considered in Part I-the gasification of devolatil- 
ized anthracite with COz (Kawahata and Walker, 1962). 

The dimensionless oxidant concentration profile is cal- 
culated for each time step in the numerical procedure just 
described. Profiles after 10 steps when T = 0.02 is shown 
in Figure 1 for Ho ranging from 0 to 10. Micropore diffu- 
sion is considered unimportant (ho = 0) and mass transfer 
to the particle surface is taken as rapid ( N s ~  = 0 0 ) .  The 
concentration remains essentially uniform through the 
particle at Ho = 0.1 but an appreciable gradient appears 
at Ho = 0.5. At Ho = 5, the gasification occurs essentially 
only in the zone 0.8 < 4' < 1.0, while above Ho = 10, 
gasification occurs only on the surface of the particle which 
is to all intents nonporous. Surface gasification for Ho > 5 
is also illustrated in Figures 6 to 8 which show virtually 
no change in the solid properties with gasification. 

Effectiveness factors indicate the magnitude of concen- 
tration gradients so that the effect of the Thiele modulus, 
burn-off, and other variables on the gradient can be ex- 
amined conveniently in effectiveness factor plots. Figures 
2 and 3 plot the transient effectiveness factor, Etp  [Equa- 
tion (28) 1, and the second type based on initial conditions 
Eop [Equation (29) 1, versus burn-off X .  At H o  = 0 (curve 
"A" in Figure 2)  Et, is constant at one, but EOp goes 
through a maximum reaching about 4 before decreasing 
to zero as gasification approaches completion. The rapid 
increase of surface area and thus gasification rate with X 
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Fig. 3. Influence of micro pore diffusional resistance and mass 
transfer rate to the particle surface on particle effectiveness factors. 

is responsible for this maximum. The B curves for Ho = 1 
show a maximum in EOp and a flat minimum in Et, at- 
tributable to increasing surface area. The upturn of Etp 
at X + 0 and X += 1 results from a flattening of the con- 
centration profile. The C and D curves in Figure 2 show 
the expected large influence of Ho on the effectiveness 
factors. E t p  continuously increases with X and does not 
exhibit a minimum. This indicates the decrease in radius 
is compensating for surface increases at low 7. The maxi- 
mum in Eo, also becomes much smaller suggesting again 
that very little increase of surface occurs in gasification 
above Ho = 5. 

The effect of the micropore diffusion in terms of the 
micropore Thiele modulus ho and mass transfer to the sur- 
face, as the Sherwood number Nsho are illustrated in Fig- 
ure 3 for Ho = 5. ho has only a small effect on Et ,  and 
Eop below ho = 5, as may be seen by comparing curves A, 
B, and C. Even at ho = 5, micropore diffusion is much less 
important than diffusion in the macropore structure for the 
devolatilized anthracite system. Only if micropore lengths 
are very long compared to pore radii could transport in 
the micropores become important. High temperatures 
which could cause ho > 1 will also sharply increase H o  
resulting in gasification only at the outer surface of the 
particle. 

Curves A, D, E indicate the influence of mass transfer 
to the particle on Et, and EO,. The effect of decreasing 
Nsho to 10 on Etp or EO, is much greater than letting ho = 
5. When Nsho = 5, a condition where surface transport is 
a dominant step, Etp and Eo, drop about 5-fold from the 
Nsh0 = 00 case. The drop is about as great as caused by 
increasing Ho from 1 to 10. Thus, mass transfer to the 
surface is an important consideration. At Nsho = 10 (curve 
D) , the maximum in EM has virtually disappeared indicat- 
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ing that at moderate Ho and low NshO surface area does 
not increase and gasification results only in size reduction. 

Figures 4 through 8 illustrate aspects of the influence 
of intraparticle diffusion on the course of gasification and 
the change of properties. An important effect of intraparti- 
cle diffusion is to slow down gasification. This effect is il- 
lustrated in Figure 4 which plots the overall conversion X 
against dimensionless time T. For Ho = 0, X = 0.2 at T = 
0.013, whereas for the same burn-off at Ho = 1, T = 0.016 
while at Ho = 10, T = 0.031. 

Figure 5 shows the variation of dimensionless particle 
radius tS with X and illustrates again that diffusional re- 
sistance favors particle shrinkage. A plot of & versus T, 

however, results in a single curve for all Ho, since tS is 
controlled by a constant bc and t/ts [Equation (30)] which 

H,=O h,=O 

Ho= 5 

I I I , ,  I , 1 1 1  I 

lo-2 10-l 

Dimensionless Time, T 

Fig. 4. Burn-off as a function of gasification time and diffusional 
resistance. 
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is independent of Ho. 
Figure 6 plots average relative porosity e* against X 

for various levels of diffusional resistance. The figure shows 
virtually no increase in 8* above Ho = 5. Porosity thus 
changes little when intraparticle diffusion of the oxidant 
controls gasification. In contrast, when gasification is kinet- 
ically controlled, increases almost proportionally with 
X .  Figure 7 shows the effect of diffusion on the change in 
mean relative pore radius with conversion. Particle Thiele 
moduli greater than 1, suppress the increase in pore size. 
Above H o  = 5, there is virtually no change inT, with X .  
The shape of the curve at H o  = 0 is interpreted in Part I.  

Only a small increase of surface occurs during gasifica- 
tion in the presence of intraparticle diffusion. At H o  = 5 
and X = 0.5 in Figure 8,F = 5, while at Ho = 10, Ti s 
3 compared wi thE  = 30 for Ho = 0. The significant maxi- 
mum i n y  for Ho = 0, caused by competition between 
new pore initiation and pore coalescence (discussed in 
Part I),  occurs for H o  > 1, but at high burn-off. The 
dashed curve for ho = 5 shows appreciably more surface 
development than the case shown where micropore diffu- 
sion may be neglected ( ho = 0 ) .  This arises because micro- 
pore diffusional resistance reduces pore growth but does 
not effect new pore initiation. The latter, however, in- 
creases surface much more than pore growth in our model. 

The absorption capacity of activated carbons is closely 
associated with specific surface, porosity, and mean pore 
diameter. The model results discussed in the last few 
paragraphs suggest that processes for the activation of 
chars by partial gasification using steam or COz should 
be designed to avoid transport resistances. Low tempera- 
tures and as small particle sizes as feasible should be used. 

Our model also suggest that where diffusional resistances 
are large, the shrinking core model will describe gasifica- 
tion satisfactorily. Of course, when this model is applicable, 
the solid properties in the core will be those of the original 
solid. 

Results discussed so far assume constant effective dif- 
fusivity (D = 1). The dashed lines in Figures 1, 4, and 
6 to 8 show the effect of making effective diffusivity a 
function of porosity [Equation (21)].  Choice of = 2 
for the exponent was based on Walker et al. (1959) 
observations with carbon rods. Results for variable D, in 

- 

all figures are for Ho = 5, because for H o  < 1, intraparticle 
diffusion is unimportant, while at H o  = 10 gasification is 
confined to the outer surface so that the diffusivity has 
little effect. It is clear from these figures that allowing D, 
to vary with porosity changes the behavior of the gasifica- 
tion model only slightly. Variable D, does have a larger 
influence on the effectiveness factors. Comparing curves C 
and E in Figure 2 shows constant D, introduces an error 
of the order of 25% at Ho = 5. Allowiing for a variable 
effective diff usivity, however, remains a second-order con- 
sideration. Wen (1963) reached the same conclusion for 
his gas-solid reaction model. Simplification of the model 
that is achieved for a constant D, thus seems to be amply 
justified by the small error a constant D, introduces. 

In this last section, we have chosen to examine the in- 
fluence of mass transfer only through the Thiele moduli 
and NshO. An alternate approach would be to compare the 
behavior of systems with different particle sizes, initial 
mean pore diameters, or pore size distributions or for dif- 
ferent temperatures whereby mass transfer is important in 
one system but not in the other. For a given material, Ho 
depends upon a number of parameters such as Ro. How- 
ever, the initial particle radius also appears in b6. Thus, if 
changing particle size increases H o  and N S h O ,  b6 will de- 
crease proportionally. If temperature causes the H o  change, 
h7 and b8 will change and perhaps b,, b3 and b5 as well. 
All coefficients except b4 depend on Sp, but this property 
of TO enters into the values of Ho and ho. In our study, of 
course, we have held bls constant while varying Ho,  Ns,," 
and ho. 
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Fig. 7. Particle relative pore radius as a function of burn-off and 
diffusional resistance. 
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NOTATION 

A, A = oxidant, coefficient matrix [Equation (39)]  
a = stoichiometric constant 
B, B = reactive solid, vector [Equation (39)] 
bi 

C = macropore oxidant concentration 
c = micropore oxidant concentration 
D,, Dei = effective difhsivity in the solid, in the micropore 
DK = Knudsen diffusivity 
EOp = particle rate ratio [Equation (29)] 
Etp  = particle effectiveness factor [Equation (28) ] 
e,  = micropore pseudo effectiveness factor 
e2 = micropore effectiveness factor [Equation (7)  ] 
f ( 7 ) = micropore size probability density function 

= dimensionless group of parameters (see Table 2, 
Part I) 

Dore growth term = n <Tn-l dF/dt> 
I ”  

particle Thiele modulus = Ro 

2kl a 
micropore Thiele modulus = 7 d- 

ro 6DKo 
rate coefficient for pore initiation 
mass transfer coefficient for oxidant 
gasification rate coefficient 
molecular weight of the solid reactant (carbon) 

nth moment about the origin = ~ w ( ~ ) n f ( ~ ) d ~  

number of radial increments 
integer, usually an exponent 

modified Shenvood number = - 
radial dimension of solid particle 
initial particle radius 
radius of particle 
pore radius, micropore radius 
radius of new pore (See Part I )  
mean micropore radius 
initial mean pore radius 
specific pore surface area 
scalar property 
time 
overall extent of gasification or burn-off 
axial dimension in micropore 
pore radius combination coefficient (see Part I) 
exponent for variable diffusivity 
relative mean micropore surface area 
parameter in Equation (43) 

1 
parameter in Equations (28) and (29) = - 

R o p t S i O  
relative mean micropore radius 
combined micropore shape and tortuosity factor 
normalized micropore dimension 
particle size exponent for mass transfer 
porosity, volume fraction 
volume fraction of the inert phase 
Ho dZFG 
relative mean micropore length 

k g  Rs 

De 

a kl&O 
parameter = - 

kCf0 
relative nth moment 
normalized radius 
apparent density of the solid phase (including 
inert matter) 
apparent density of the solid phase (i.m.f.b.) 
density of inert phase 
true densitv of the reacting solid ” 

Sao + p t  rf2‘T 
combination parameter = - + 

Sio kl M B  S,io 
dimensionless time = kl C, M B  Sio t 
combination rate coefficient (see Part I )  
dimensionless oxidant concentration in particle 
weight fraction 
relative micropore volume 
micropore length 
dimensionless effective diffusivity, D,/Deo 
rate of gasification reaction 

Subscripts 

A = oxidant 
n = macropore property 
B = reactive solid 
g 
1 = inert 
i 
n = order of moment 
s = particle external surface 
0 
00 

Superscripts 

0 = initial condition 
* = relative parameter 
- 

= bulk phase of gas 

= micropore property, radial position 

= initial condition, particle center 
= condition at completion of gasification 

= mean property [Equation (31)] 
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The Thermodynamic Approach to Fluidized 
Drying and Moistening Optimization 

For drying and moistening processes in batch fluidization and fluidiza- 
tion in a horizontal exchanger, the overall mathematical model describing 
simultaneous heat and mass exchange is given. On this basis, the problem 
of finding the optimal temperatures of inlet gas is formulated and investi- 
gated for the case when inlet gas humidity is constant. It is explained that 
when unit economical values of gas and solid phases are linear with regard 
to unit available energies (exergies), the economical problem of minimum 
costs is equivalent to the thermodynamical problem of minimum available 
energy (exergy) dissipation. Therefore, the performance index expression in 
exergy terms is formulated as a functional of the Bolza form. The dynamic 
programming method is used to obtain results of optimal trajectories and 
decisions. The dependence of optimal process time on apparatus price, 
which is characterized here by a Lagrangian multiplier A, is pointed out. 

The results indicate that the constant gas inlet temperature policy com- 
monly applied to the processes considered here prevents attainment of the 
process optimum. In fact, increasing inlet temperature until an admissible 
gas temperature is attained is the optimal policy. 

STAN IS  LAW S I EN I UTY CZ 
Institute o f  Chemical Engineering 

Warsaw Technical University 
Koszykowa 75, Warsaw, Poland 

SCOPE 
To the class of important processes between gases and 

granular solids, where the use of variational methods is 
required for optimization, belong the process of batch 
fluidization and steady state fluidization process in the 
horizontal exchanger (Figure 1). In the first process, the 
solid state changes as a function of time; in the second, it 
changes as a function of distance when ideal mixing in 
the first apparatus and ideal mixing in vertical cross-section 
of the second apparatus is assumed. In an isobaric and 
adiabatic process, the thermodynamic state of the solid is 
described by enthalpy I, and moisture content W,, the gas 
by enthalpy i, and humidity X,. 

In this article the optimal transition of solid phase from 
one thermodynamic state Iso,ws, to another I s k , W s k  is con- 
sidered for the drying or moistening processes shown on 
Figure 1. This transition occurs during an isobaric and 
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adiabatic process due to simultaneous energy and mass 
exchange between gas and solid. The total time of such 
transition is finite. 

The usual way of conducting the processes considered 
is with a constant inlet gas state, In such a case the inlet 
gas enthalpy i,g and absolute humidity X, do not change 
with solid residence time in either of the processes. It is 
known that driving forces of such processes are large at 
the beginning and small at the end of the process and that 
this fact makes the process uneconomical, that is, causes 
large production costs. Therefore, it should be expected 
that variable inlet gas states should make the processes 
considered more economical. The finding of a technique 
which minimizes production costs is a task of optimization. 

It will be shown that in both of the processes considered, 
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